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Let S ⊆ V (G) and κG(S) denote the maximum number k of edge-disjoint trees T1, T2, · · · ,
Tk in G such that V (Ti)
⋂
V (Tj) = S for any i, j ∈ {1, 2, · · · , k} and i 6= j. For an
integer r with 2 ≤ r ≤ n, the generalized r-connectivity of a graph G is defined as
κr(G) = min{κG(S)|S ⊆ V (G) and |S| = r}. The r-component connectivity cκr(G) of
a non-complete graph G is the minimum number of vertices whose deletion results in a
graph with at least r components. These two parameters are both generalizations of tra-
ditional connectivity. Except hypercubes and complete bipartite graphs, almost all known
κr(G) are about r = 3. In this paper, we focus on κ4(Dn) of dual cube Dn. We first show
that κ4(Dn) = n − 1 for n ≥ 4. As a corollary, we obtain κ3(Dn) = n − 1 for n ≥ 4.
Furthermore, we show that cκr+1(Dn) = rn−
r(r+1)
2 + 1 for n ≥ 2 and 1 ≤ r ≤ n− 1.
Keywords: Generalized connectivity; Component connectivity; Fault-tolerance; Dual cube.
1 Introduction
For an interconnection network, one major concern is the fault tolerance. An interconnec-
tion network is usually modelled by a connected graph G = (V,E), where nodes represent
processors and edges represent communication links between processors. The connectivity
is one of the important parameters to evaluate the reliability and fault tolerance of a net-
work. The connectivity κ(G) of a graph G is defined as the minimum number of vertices
whose deletion results in a disconnected graph. Whitney [20] provides another definition of
connectivity. For any subset S = {u, v} ⊆ V (G), let κG(S) denote the maximum number
of internally disjoint paths between u and v in G. Then κ(G) = min{κG(S)|S ⊆ V (G) and
|S| = 2}. As generalizations of the traditional connectivity, the generalized k-connectivity
and the r-component connectivity were introduced by Chartrand et al. [3] in 1984.
Let G be a non-complete graph. A r-component cut of G is a set of vertices whose
deletion results in a graph with at least r components. The r-component connectivity
cκr(G) of a graph G is the size of the smallest r-component cut of G. By the definition of
cκr(G), it can be seen that cκr+1(G) ≥ cκr(G) for every positive integer r. The r-component
connectivity is an extension of the usual connectivity cκ2(G). In [5], Hsu et al. determined
the r-component connectivity of the hypercubeQn for r = 2, 3, · · · , n+1. In [25], Zhao et al.
determine the r-component connectivity of the hypercube Qn for r = n+2, n+3, · · · , 2n−4.
∗Corresponding author. Email:17118434@bjtu.edu.cn(S.-L. Zhao), rxhao@bjtu.edu.cn (R.-X. Hao),
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Let S ⊆ V (G) and κG(S) denote the maximum number k of edge-disjoint trees T1, T2, · · · ,
Tk in G such that V (Ti)
⋂
V (Tj) = S for any i, j ∈ {1, 2, · · · , k} and i 6= j. For an
integer r with 2 ≤ r ≤ n, the generalized r-connectivity of a graph G is defined as
κr(G) = min{κG(S)|S ⊆ V (G) and |S| = r}. It is a parameter that can measure the
reliability of a network G to connect any k vertices in G. If κr(G) = m, then there are m
internally disjoint trees in G and each of them connecting the vertices of S, where |S| = r
be any S of V (G). The generalized 2-connectivity is exactly the traditional connectivity.
In [10], Li et al. derived that it is NP-complete for a general graph G to decide whether
there are k internally disjoint trees connecting S, where k is a fixed integer and S ⊆ V (G).
There are some results [8, 12] about the upper and lower bounds of the generalized connec-
tivity. In addition, there are some results of the generalized k-connectivity for some classes
of graphs and most of them are about k = 3. For example, Chartrand et al. [4] studied
the generalized connectivity of complete graphs; Li et al. [6] first studied the generalized
3-connectivity of Cartesian product graphs, then Li et al. [11] studied the generalized 3-
connectivity of graph products; Li et al. [13] studied the generalized connectivity of the
complete bipartite graphs and Lin et al. [14] studied the generalized 4-connectivity of hy-
percubes. As the Cayley graph has some attractive properties to design interconnection
networks, Li et al. [9] studied the generalized 3-connectivity of star graphs and bubble-sort
graphs and Li et al. [7] studied the generalized 3-connectivity of the Cayley graph generated
by trees and cycles. Except hypercubes and complete bipartite graphs, almost all known
exact value of the generalized k-connectivity are about k = 3.
In this paper, we first show that κ4(Dn) = κ3(Dn) = n−1 for n ≥ 4, then we show that
cκr+1(Dn) = rn−
r(r+1)
2 + 1 for n ≥ 2 and 1 ≤ r ≤ n− 1.
The paper is organized as follows. In section 2, some notations and definitions are given.
In section 3, the generalized 4-connectivity and the generalized 3-connectivity of dual cubes
are determined. In section 4, the r-component connectivity of the dual cube for n ≥ 2 and
2 ≤ r ≤ n− 1 is determined. In section 5, the paper is concluded.
2 Preliminary
Let G = (V,E) be a simple, undirected graph. Let |V (G)| and |E(G)| denote the order and
size of graph G, respectively. Let V ′ ⊆ V (G), then G[V ′] is the subgraph of G whose vertex
set is V ′ and whose edge set consists of all edges of G which have both ends in V ′. For a
vertex v ∈ V (G), the set of neighbours of a vertex v in a graph G is denoted by NG(v). For
a vertex set U ⊆ V (G), the neighborhood of U in G is defined as NG(U) =
⋃
v∈U
NG(v) − U .
Let dG(v) denote the number of edges incident with v and δ(G) denote the minimum degree
of the graph G. A graph is said to be k-regular if for any vertex v of G, dG(v) = k. Two
xy- paths P and Q in G are internally disjoint if they have no common internal vertices,
that is V (P )
⋂
V (Q) = {x, y}. Let Y ⊆ V (G) and X ⊂ V (G) \ Y , the (X,Y )-paths is a
family of internally disjoint paths starting at a vertex x ∈ X, ending at a vertex y ∈ Y and
whose internal vertices belong neither to X nor Y . If X = {x}, then the (X,Y )-paths is
a family of internal disjoint paths whose starting vertex is x and the terminal vertices are
distinct in Y , which is referred to as a k-fan from x to Y . For terminologies and notations
not defined here we follow [2].
The hypercube is one of the most fundamental interconnection network. An n-dimensi
onal hypercube is an undirected graph Qn = (V,E) with |V | = 2
n and |E| = n2n−1. Each
2
vertex can be represented by an n-bit binary string. There is an edge between two vertices
whenever their binary string representation differs in only one bit position. The dual-cube
was introduced by Li and Peng in [14]. As an invariant of the hypercube, it not only
keeps numerous desirable properties of the hypercube, but also reduces the interconnection
complexity. The n-dimensional dual cube, denoted by Dn, has 2
2n−1 vertices, each labeled
by a (2n − 1)-bit binary string u1u2 · · · u2n−1, and ui ∈ {0, 1} for i = 1, 2 · · · , 2n − 1. Two
vertices u = u1u2 · · · u2n−1 and v = v1v2 · · · v2n−1 are adjacent if and only if the following
conditions are satisfied:
(1) u and v differ in exactly one bit position i.
(2) If 1 ≤ i ≤ n− 1, then u2n−1 = v2n−1 = 0.
(3) If n ≤ i ≤ 2n− 2, then u2n−1 = v2n−1 = 1.
By the definition of the n-dimensional dual cube, we can see that the set of vertices with
fixed bits in positions n, · · · , 2n − 2 and last bit 0 form an (n− 1)-dimensional hypercube,
which is called a cluster of class 0. And the set of vertices with fixed bits in positions
1, · · · , n − 1 and last bit 1 also form an (n − 1)-dimensional hypercube, which is called a
cluster of class 1. Edges connecting two vertices in different clusters of different class are
called cross edges. Let v be a vertex of cluster 0(1), then we call the neighbour of the vertex
v in cluster 1(0) the outside neighbour of v in Dn. The n-dimensional dual cube has 2
n−1
clusters of class 0 and 2n−1 clusters of class 1. For convenience, we denote the clusters of
class 0 by D01,D02, · · · and D02n−1 , respectively. And we denote the clusters of class 1 by
D11,D12, · · · and D12n−1 , respectively. The 3-dimensional dual cube is shown as figure 1.
01010 11010 01011 01111 11011 11111 01110 11110
00010 10010 01001 01101 11001 11101 00110 10110
01000 11000
00000 10000
00011 00111
00001 00101
10011 10111
10001 10101
01100 11100
00100 10100
Figure 1: The 3−dimensional dual cube
The n-dimensional dual cube Dn is an n-regular graph. It consists of 2
n clusters, half
of them are class 0, and the other half of them is class 1. There are many research results
about dual cubes, one can refer [1, 23, 24] etc. for the detail.
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3 The generalized 4-connectivity of dual cubes
In this section, we will study the generalized 4-connectivity of dual cubes. The following
results are useful to the main result.
Lemma 1. Let Dn be an n-dimensional dual cube for n ≥ 2. Then the following results
hold.
(1) Any two different vertices in the same cluster of Dn have different outside neighbours
and they belong to different clusters of Dn.
(2) There is exactly one cross edge between two clusters of different class in Dn.
Proof. (1) Let D01,D02, · · · ,D02n−1 be the clusters of class 0 and D11,D12, · · · ,D12n−1 be
the clusters of class 1 ofDn. Without loss of generality, let u, v ∈ V (D01) and u 6= v. Let u =
u1u2 · · · un−1un · · · u2n−20 and v = v1v2 · · · vn−1vn · · · v2n−20. As u 6= v, then u1u2 · · · un−1
and v1v2 · · · vn−1 have at least one different digit. The outside neighbour u
′ of u is u′ =
u1u2 · · · un−1un · · · u2n−21 and the outside neighbour v
′ of v is v′ = v1v2 · · · vn−1vn · · · v2n−21.
If u′ and v′ belong to the same cluster, then u1u2 · · · un−1 = v1v2 · · · vn−1 by the definition
of Dn, which is a contradiction.
(2) By (1), the result holds easily.
Lemma 2. ([2]) κ(Qn) = n for n ≥ 2.
Theorem 1. ([14]) The generalized 4-connectivity of hypercube Qn is n− 1, where n ≥ 2.
Lemma 3. ([14]) Let G be an r-regular graph. If κk(G) = r − 1, then κk−1(G) = r − 1,
where k ≥ 4.
Lemma 4. ([12]) If there are two adjacent vertices of degree δ(G), then κk(G) ≤ δ − 1 for
3 ≤ k ≤ |V (G)|.
Lemma 5. ([2]) Let G = (V,E) be a k-connected graph, let x be a vertex of G, and let
Y ⊆ V \ {x} be a set of at least k vertices of G. Then there exists a k-fan in G from x to
Y . That is, there exists a family of k internally vertex-disjoint (x, Y )-paths whose terminal
vertices are distinct in Y .
Theorem 2. Let H = Dn[(
⋃k
j=1 V (D0ij ))
⋃
(
⋃l
i=1 V (D1ji))], where k ≥ 1, l ≥ 1, D0ij is a
cluster of class 0 of Dn and D1ji is a cluster of class 1 of Dn. Then H is connected for
n ≥ 3.
Proof. Without loss of generality, let H = Dn[(
⋃k
j=1 V (D0j))
⋃
(
⋃l
i=1 V (D1i))], where
k ≥ 1, l ≥ 1, D0j is a cluster of class 0 of Dn and D1i is a cluster of class 1 of Dn. To prove
the result, we just need to show for any two distinct vertices x and y of H, there is a path
between x and y in H.
Case 1. x and y belong to the same cluster.
Without loss of generality, let x, y ∈ V (D01). As D01 is connected. Then there is a path
P between x and y in D01. As D01 is a subgraph of H, then P is a path between x and y
in H.
Case 2. x and y belong to two clusters of the same class.
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Without loss of generality, let x ∈ V (D01) and y ∈ V (D02). By Lemma 1(1), there is a
vertex u of D01 such that u
1, the outside neighbour of u, belongs to D11. Similarly, there is
a vertex v of D02 such that v
1, the outside neighbour of v, belongs to D11. As D01,D02 and
D11 are connected. Then there is a path P between x and u in D01, a path Q between u
1
and v1 in D11 and a path R between y and v in D02. If u = x, then the path P is the single
vertex x and if v = y, then the path R is the single vertex y. Let P̂ = xPuu1Qv1vRy, then
it is a path between x and y in H.
Case 3. x and y belong to two clusters of different class.
Without loss of generality, let x ∈ V (D01) and y ∈ V (D11). By Lemma 1(1), there is a
vertex u of D01 such that u
1, the outside neighbour of u, belongs to D11. As D01 and D11
are connected. Then there is a path P between x and u in D01 and a path Q between u
1
and y in D11. If u = x, then the path P is the single vertex x and if u
1 = y, then the path
Q is the single vertex y. Let P̂ = xPuu1Qy, then it is a path between x and y in H.
To prove the generalized 4-connectivity of dual cubes, the following results are useful.
Theorem 3. Let Dn be an n-dimensional dual cube and S = {x, y, z, w}, where x, y, z and
w are any four distinct vertices of Dn for n ≥ 4. If the vertices in S belong to two clusters
of Dn, then there are n− 1 internally disjoint trees connecting S in Dn.
Proof. Let D01,D02, · · · ,D02n−1 be the clusters of class 0 and D11,D12, · · · and D12n−1
be the clusters of class 1 of Dn. Let S = {x, y, z, w}, where x, y, z and w are any four
distinct vertices of Dn for n ≥ 4. Let the vertices in S belong to two clusters of Dn. By the
symmetry of Dn, the following cases are considered.
Case 1. |S
⋂
V (D0i)| = 3 and |S
⋂
V (D0j)| = 1 for distinct i, j ∈ {1, 2, · · · , 2
n−1}.
Without loss of generality, let |S
⋂
V (D01)| = 3 and |S
⋂
V (D02)| = 1. Let {x, y, z} ⊆
V (D01) and w ∈ V (D02). See Figure 2. As x 6= y, without loss of generality, we may
assume that the (n − 1)-th digit of x and y are different. Hence, we may assume that
x = x1x2 · · · xn−20H0 and y = y1y2 · · · yn−21H0, where H = xnxn+1 · · · x2n−2. Assume
the (n − 1)-th digit of z is 0 and we divide D01 along the (n − 1)th dimension into two
copies of Qn−2, denoted by Q
n−1[0] and Qn−1[1], respectively. Then x, z ∈ V (Qn−1[0])
and y ∈ V (Qn−1[1]). By Lemma 2, κ(Qn−2) = n − 2. Then there are n − 2 internally
disjoint paths P1, P2, · · · , Pn−2 between x and z in Q
n−1[0]. Let xi ∈ V (Pi) such that
yi ∈ V (Q
n−1[1]) and yi 6= y, where yi is the neighbour of xi in Q
n−1[1]. This can be
done as any two different vertices in Qn−1[0] have different neighbours in Qn−1[1] and Pis
are internally disjoint for 1 ≤ i ≤ n − 2. Let Y = {y1, y2, . . . , yn−2}. By Lemma 2,
κ(Qn−1[1]) = n− 2. By Lemma 5, there are n− 2 internally disjoint paths P ′1, P
′
2, · · · , P
′
n−2
from y to Y . Let T̂i = Pi
⋃
xiyi
⋃
P ′i for each i ∈ {1, 2, · · · , n − 2}, then n − 2 internally
disjoint trees T̂is for 1 ≤ i ≤ n− 2 that connecting x, y and z are obtained in D01.
Let y1i be the outside neighbour of yi in Dn for each i ∈ {1, 2, · · · , n − 2}. With-
out loss of generality, let y1i ∈ V (D1i) for 1 ≤ i ≤ n − 2. Then choose n − 1 vertices
w1, w2, · · · , wn−1 from D02 such that w
1
i , the outside neighbour of wi in Dn, belongs to D1i
for each i ∈ {1, 2, · · · , n− 1}. For convenience, let W = {w1, w2, · · · , wn−1}. By Lemma 2,
κ(D02) = n − 1 as D02 is a copy of Qn−1. By Lemma 5, there are n − 1 internally dis-
joint paths Q1, Q2, · · · , Qn−1 from w to W and let the terminal vertex of Qi is wi for each
i ∈ {1, 2, · · · , n−2}. As D1i is connected for 1 ≤ i ≤ n−2, then there is a path Ri between
y1i and w
1
i in D1i for each i ∈ {1, 2, · · · , n − 2}.
Let Ti = T̂i
⋃
Qi
⋃
Ri
⋃
yiy
1
i
⋃
wiw
1
i for each i ∈ {1, 2, · · · , n−2}. Then n−2 internally
disjoint trees Tis for 1 ≤ i ≤ n − 2 that connecting x, y, z and w are obtained. Let
5
wn−2
D11 D1i D1(n−2) D1(n−1)
· · · · · ·
D01 D02
x z
x1
xn−2
xi
yi
y
yn−2y1
w
wn−1
w1 wi
Qi
Pi
P ′i
y1i w1i
y11 y1n−2
w1n−2 w
1
n−1
w11
RiR1 Rn−2
Qn−1[0]
Qn−1[1]
Figure 2: The illustration of Case 1
x1, y1 and z1 be the outside neighbours of x, y and z in Dn, respectively. By Lemma 1(2),
{x1, y1, z1, w1n−1} ⊂ V (Dn−
⋃2
i=1D0i−
⋃n−2
i=1 D1i). As 2
n−1 > n−2 for n ≥ 4. By Theorem 2,
Dn−
⋃2
i=1D0i−
⋃n−2
i=1 D1i is connected. Then there is a tree T˜n−1 connecting x
1, y1, z1 and
w1n−1 inDn−
⋃2
i=1D0i−
⋃n−2
i=1 D1i. Let Tn−1 = T˜n−1
⋃
Qn−1
⋃
xx1
⋃
yy1
⋃
zz1
⋃
wn−1w
1
n−1,
then n− 1 internally disjoint S-trees Tis for 1 ≤ i ≤ n− 1 are obtained in Dn.
Case 2. |S
⋂
V (D0i)| = 3 and |S
⋂
V (D1j)| = 1 for i, j ∈ {1, 2, · · · , 2
n−1}.
Without loss of generality, let |S
⋂
V (D01)| = 3 and |S
⋂
V (D11)| = 1. Let {x, y, z} ⊆
V (D01) and w ∈ V (D11). See Figure 3. Let Y and T̂is for 1 ≤ i ≤ n − 2 be the same as
case 1. Note that Y = {y1, y2, . . . , yn−2} and T̂1, T̂2, · · · , T̂n−2 are n − 2 internally disjoint
trees connecting x, y and z in D01. Let Y
1 = {y11, y
1
2 , . . . , y
1
n−2}, where y
1
i is the outside
neighbour of yi in Dn for each yi ∈ Y .
Subcase 2.1. If no element in Y 1 belongs to D11. Without loss of generality, let
y1i ∈ V (D1(i+1)) for each i ∈ {1, 2, · · · , n − 2}. Let ND11(w) = {w1, w2, · · · , wn−2, wn−1}.
Then choose n − 2 vertices from ND11(w) such that none of them with outside neighbour
in D01, say w1, w2, · · · , wn−2 and let W = {w1, w2, · · · , wn−2}. Without loss of general-
ity, let w0i ∈ V (D0(i+1)), where w
0
i is the outside neighbour of wi in Dn. By Theorem 2,
Dn[V (D0(i+1))
⋃
V (D1(i+1))] is connected. Then there is a path Qi between w
0
i and y
1
i in
Dn[V (D0(i+1))
⋃
V (D1(i+1))] for each i ∈ {1, 2, · · · , n−2}. Let Ti = T̂i
⋃
Qi
⋃
yiy
1
i
⋃
wiw
0
i
⋃
wiw for each i ∈ {1, 2, · · · , n−2}. Then n−2 internally disjoint S-trees Tis for 1 ≤ i ≤ n−2
that connecting x, y, z and w are obtained. Let x1, y1, z1, w0 and w0n−1 be the outside neigh-
bours of x, y, z, w and wn−1 in Dn, respectively.
Subcase 2.1.1. If one of x1, y1 and z1 belongs to D11, say x
1. By Lemma 2, κ(D11) =
n− 1. Then D11 \W is connected. Then there is a path Q between x
1 and w in D11 \W .
If x1 6= w. By Lemma 1(2), {y1, z1, w0} ⊆ V (Dn −
⋃n−1
i=1 D0i −
⋃n−1
i=1 D1i). As
2n−1 > n − 1 for n ≥ 4. By Theorem 2, Dn −
⋃n−1
i=1 D0i −
⋃n−1
i=1 D1i is connected.
Then there is a tree T˜n−1 connecting y
1, z1 and w0 in Dn −
⋃n−1
i=1 D0i −
⋃n−1
i=1 D1i. Let
Tn−1 = xx
1
⋃
Q
⋃
ww0
⋃
yy1
⋃
zz1
⋃
T˜n−1, then n − 1 internally disjoint S-trees Tis for
1 ≤ i ≤ n− 1 are obtained in Dn.
If x1 = w. By Lemma 1(2), {w0n−1, y
1, z1} ⊆ V (Dn −
⋃n−1
i=1 D0i −
⋃n−1
i=1 D1i). As
2n−1 > n − 1 for n ≥ 4. By Theorem 2, Dn −
⋃n−1
i=1 D0i −
⋃n−1
i=1 D1i is connected. Then
there is a tree T˜n−1 connecting y
1, z1 and w0n−1 in Dn −
⋃n−1
i=1 D0i −
⋃n−1
i=1 D1i. Let Tn−1 =
xw
⋃
wwn−1
⋃
wn−1w
0
n−1
⋃
T˜n−1
⋃
yy1
⋃
zz1. Then n− 1 internally disjoint S-trees Tis for
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1 ≤ i ≤ n− 1 are obtained in Dn.
Subcase 2.1.2. If none of x1, y1 and z1 belongs to D11. Then {x
1, y1, z1} ⊆ V (Dn −⋃n−1
i=1 D0i −
⋃n−1
i=1 D1i). By Lemma 1(2), at least one of w
0 and w0n−1 does not belong to
D01.
If w0 /∈ V (D01), then w
0 ∈ V (Dn −
⋃n−1
i=1 D0i −
⋃n−1
i=1 D1i). By Theorem 2, Dn −⋃n−1
i=1 D0i −
⋃n−1
i=1 D1i is connected. Then there is a tree T˜n−1 connecting x
1, y1 and z1 and
w0 in Dn −
⋃n−1
i=1 D0i −
⋃n−1
i=1 D1i. Let Tn−1 = T˜n−1
⋃
xx1
⋃
yy1
⋃
zz1
⋃
ww0, then n − 1
internally disjoint S-trees Tis for 1 ≤ i ≤ n− 1 are obtained in Dn.
If w0n−1 /∈ V (D01), then w
0
n−1 ∈ V (Dn −
⋃n−1
i=1 D0i −
⋃n−1
i=1 D1i). By Theorem 2, Dn −⋃n−1
i=1 D0i −
⋃n−1
i=1 D1i is connected. Then there is a tree T˜n−1 connecting x
1, y1 and z1 and
w0n−1 inDn−
⋃n−1
i=1 D0i−
⋃n−1
i=1 D1i. Let Tn−1 = T˜n−1
⋃
xx1
⋃
yy1
⋃
zz1
⋃
wn−1w
0
n−1
⋃
wwn−1,
then n− 1 internally disjoint S-trees Tis for 1 ≤ i ≤ n− 1 are obtained in Dn.
Subcase 2.2. If there is some element in Y 1 belongs to D11. Without loss of generality,
let y11 ∈ V (D11) and y
1
i ∈ V (D1i) for 2 ≤ i ≤ n − 2. Define W same as Subcase 2.1. By
Lemma 2, κ(D11) = n− 1. Then D11 \W is connected. Then there is a path Q between y
1
1
and w in D11\W . Then let T1 = T̂1
⋃
y1y
1
1
⋃
Q. By Theorem 2, Dn[V (D0(i+1))
⋃
V (D1i)] is
connected. Then there is a path Qi between w
0
i and y
1
i in Dn[V (D0(i+1))
⋃
V (D1i)] for each
i ∈ {2, · · · , n−2}. Let Ti = T̂i
⋃
Qi
⋃
yiy
1
i
⋃
wiw
0
i
⋃
wiw for each 2 ≤ i ≤ n−2. Combining
with T1, then n− 2 internally disjoint S-trees Tis for 1 ≤ i ≤ n − 2 that connecting x, y, z
and w are obtained.
Subcase 2.2.1. If y11 6= w. By Lemma 1(2), {x
1, y1, z1, w1} ⊆ V (Dn −
⋃n−1
i=1 D0i −⋃n−1
i=1 D1i). As 2
n−1 > n − 1 for n ≥ 4. By Theorem 2, Dn −
⋃n−1
i=1 D0i −
⋃n−1
i=1 D1i is
connected. Then there is a tree T˜n−1 connecting x
1, y1 and z1 and w1 in Dn −
⋃n−1
i=1 D0i −⋃n−1
i=1 D1i. Let Tn−1 = T˜n−1
⋃
xx1
⋃
yy1
⋃
zz1
⋃
ww1, then n− 1 internally disjoint S-trees
Tis for 1 ≤ i ≤ n− 1 are obtained in Dn.
Subcase 2.2.2. If y11 = w. Then T1 = T̂1
⋃
y1y
1
1. By Lemma 1(2), {w
0
n−1, x
1, y1, z1} ⊆
V (Dn−
⋃n−1
i=1 D0i−
⋃n−1
i=1 D1i). As 2
n−1 > n−1 for n ≥ 4. By Theorem 2, Dn−
⋃n−1
i=1 D0i−⋃n−1
i=1 D1i is connected. Then there is a tree T˜n−1 connecting w
0
n−1, x
1, y1 and z1 in Dn −⋃n−1
i=1 D0i−
⋃n−1
i=1 D1i. Let Tn−1 = T˜n−1
⋃
xx1
⋃
yy1
⋃
zz1
⋃
wwn−1
⋃
wn−1w
0
n−1, then n−1
internally disjoint S-trees Tis for 1 ≤ i ≤ n− 1 are obtained in Dn.
D11 D12 D1(i+1) D1(n−1)
· · ·
· · ·
D01 D02
x z
x1
xn−2
xi
yi
y
yn−2y1
w
w1
Qi
Pi
Q1
P ′i
y1i
w0i
y11 y
1
n−2
w0n−2
w01Q
n−1[0]
Qn−1[1]
· · ·
· · ·
wi
wn−2
wn−1
Qn−2
D0(i+1) D0(n−1)
Figure 3: The illustration of Subcase 2.1
Case 3. |S
⋂
V (D0i)| = 2 and |S
⋂
V (D0j)| = 2 for i 6= j and i, j ∈ {1, 2, · · · , 2
n−1}.
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Without loss of generality, let |S
⋂
V (D01)| = 2 and |S
⋂
V (D02)| = 2. Let {x, y} ⊆
V (D01) and {z, w} ⊆ V (D02). Recall that Dij is a copy of Qn−1. By Lemma 2, κ(D01) =
κ(D02) = n− 1. Then there are n− 1 internally disjoint paths P1, P2, · · · , Pn−1 between x
and y in D01 and n− 1 internally disjoint paths P
′
1, P
′
2, · · · , P
′
n−1 between z and w in D02.
Let xi ∈ V (Pi) and yi ∈ V (P
′
i ) for each i ∈ {1, 2, · · · , n − 1}. Let x
1
i and y
1
i be the outside
neighbour of xi and yi in Dn for each i ∈ {1, 2, · · · , n − 1}, respectively. Without loss of
generality, let x1i ∈ V (D1i) for each i ∈ {1, 2, · · · , n − 1}. Let X
′ = {x11, x
1
2, · · · , x
1
n−1} and
Y ′ = {y11 , y
1
2 , · · · , y
1
n−1}, then X
′
⋂
Y ′ = ∅.
Subcase 3.1. If there is no vertex in X ′ belongs to the same cluster with the vertices
in Y ′. Then without loss of generality, let y1i ∈ V (D1(i+n−1)) for each i ∈ {1, 2, · · · , n −
1}. This can be done as 2n−1 > 2(n − 1) for n ≥ 4. See Figure 4. By Theorem 2,
Dn[V (D1i)
⋃
V (D1(i+n−1))
⋃
V (D0(i+n−1))] is connected for each i ∈ {1, 2, · · · , n−1}. Then
there is a path Qi between x
1
i and y
1
i in Dn[V (D1i)
⋃
V (D1(i+n−1))
⋃
V (D0(i+n−1))] for each
i ∈ {1, 2, · · · , n − 1}. Let Ti = Pi
⋃
P ′i
⋃
Qi
⋃
xix
1
i
⋃
yiy
1
i for each i ∈ {1, 2, · · · , n − 1}.
Then n− 1 internally disjoint S-trees Tis for 1 ≤ i ≤ n− 1 are obtained in Dn.
Subcase 3.2. If there are some vertices in X ′ belong to the same cluster with some
vertices in Y ′. Then without loss of generality, let x1i and y
1
i belong to the same cluster
for t ≤ i ≤ n − 1 and let y1i ∈ V (D1(i+n−1)) for 1 ≤ i ≤ t − 1, where 1 ≤ t ≤ n − 1.
By Theorem 2, Dn[V (D1i)
⋃
V (D1(i+n−1))
⋃
V (D0(i+n−1))] is connected for 1 ≤ i ≤ t − 1.
Then there is a path Qi between x
1
i and y
1
i in Dn[V (D1i)
⋃
V (D1(i+n−1))
⋃
V (D0(i+n−1))]
for each i ∈ {1, 2, · · · , t − 1}. As xi, yi ∈ V (D1i) and D1i is connected for each i ∈ {t, t +
1, · · · , n − 1}, then there is a path Ri between xi and yi in D1i for t ≤ i ≤ n − 1. Let
Ti = Pi
⋃
P ′i
⋃
Qi
⋃
xix
1
i
⋃
yiy
1
i for 1 ≤ i ≤ t − 1 and Ti = Pi
⋃
P ′i
⋃
Ri
⋃
xix
1
i
⋃
yiy
1
i for
t ≤ i ≤ n−1. Then n−1 internally disjoint trees Tis for 1 ≤ i ≤ n−1 are obtained in Dn.
x y z w
P1
Pi
Pn−1
x1
xi
xn−1
yi
y1
yn−1
P ′i
P ′1
P ′n−1
· · ·
· · ·
x1i y
1
i
Qi
D1(i+n−1)
D0(i+n−1)D01 D02
D1i
Figure 4: The illustration of Subcase 3.1
Case 4. |S
⋂
V (D0i)| = 2 and |S
⋂
V (D1j)| = 2 for i, j ∈ {1, 2, · · · , 2
n−1}.
Without loss of generality, let |S
⋂
V (D01)| = 2 and |S
⋂
V (D11)| = 2. Let {x, y} ⊆
V (D01) and {z, w} ⊆ V (D11). See Figure 5. Recall that Dij is a copy of Qn−1. By Lemma 2,
κ(D01) = κ(D11) = n−1. Then there are n−1 internally disjoint paths P1, P2, · · · , Pn−1 be-
tween x and y in D01 and n−1 internally disjoint paths P
′
1, P
′
2, · · · , P
′
n−1 between z and w in
D11. Let xi ∈ V (Pi) such that x
1
i , the outside neighbour of xi, does not belong toD11. With-
out loss of generality, let x1i ∈ V (D1(i+1)). Similarly, let yi ∈ V (P
′
i ) such that y
0
i , the outside
neighbour of yi, does not belong to D01. Without loss of generality, let y
0
i ∈ V (D0(i+1)).
This can be done as 2n−1 > n for n ≥ 4. By Theorem 2, Dn[V (D0(i+1))
⋃
V (D1(i+1))] is
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connected. Then there is a path Qi between x
1
i and y
0
i in Dn[V (D0(i+1))
⋃
V (D1(i+1))] for
each i ∈ {1, 2, · · · , n−1}. Let Ti = Pi
⋃
P ′i
⋃
Qi
⋃
xix
1
i
⋃
yiy
0
i for each i ∈ {1, 2, · · · , n−1}.
Then n− 1 internally disjoint S-trees Tis for 1 ≤ i ≤ n− 1 are obtained in Dn.
x y
P1
Pi
Pn−1
x1
xi
xn−1
· · ·
· · ·
D1(i+1)D11
z w
yi
y1
yn−1
P ′i
P ′1
P ′n−1
Qi
D0(i+1)
y0i
D01
x1i
Figure 5: The illustration of Case 4
Theorem 4. Let Dn be an n-dimensional dual cube and S = {x, y, z, w}, where x, y, z and
w are any four distinct vertices of Dn for n ≥ 4. If the vertices in S belong to three clusters
of Dn, then there are n− 1 internally disjoint trees connecting S in Dn.
Proof. Let D01,D02, · · · ,D02n−1 be the clusters of class 0 and D11,D12, · · · and D12n−1 be
the clusters of class 1 of Dn. Let S = {x, y, z, w}, where x, y, z and w are any four distinct
vertices of Dn for n ≥ 4. Let the vertices in S belong to three clusters of Dn. By the
symmetry of Dn, the following cases are considered.
Case 1. |S
⋂
V (D0i)| = 2, |S
⋂
V (D0j)| = 1 and |S
⋂
V (D0k)| = 1 for distinct i, j, k ∈
{1, 2, · · · , 2n−1}.
Without loss of generality, let |S
⋂
V (D01)| = 2, |S
⋂
V (D02)| = 1 and |S
⋂
V (D03)| = 1.
Let x, y ∈ V (D01), z ∈ V (D02) and w ∈ V (D03). See Figure 6. Recall that D01 is a copy
of Qn−1. By Lemma 2, κ(D01) = n − 1. Then there are n − 1 internally disjoint paths
P1, P2, · · · , Pn−1 between x and y in D01. Let xi ∈ V (Pi) and x
1
i be the outside neighbour
of xi in Dn for 1 ≤ i ≤ n − 1. Without loss of generality, let x
1
i ∈ V (D1i). Then choose
n−1 vertices z1, z2, · · · , zn−1 from D02 such that z
1
i , the outside neighbour of zi, belongs to
D1i. Similarly, choose n − 1 vertices w1, w2, · · · , wn−1 from D03 such that w
1
i , the outside
neighbour of wi, belongs to D1i for each i ∈ {1, 2, · · · , n − 1}. Let Z = {z1, z2, · · · , zn−1}
and W = {w1, w2, · · · , wn−1}. By Lemma 2, κ(D02) = κ(D03) = n − 1. By Lemma 5,
there are n − 1 internally disjoint paths Q1, Q2, · · · , Qn−1 from z to Z in D02 and n − 1
internally disjoint paths R1, R2, · · · , Rn−1 from w to W in D03. It is possible that one
of the paths Qis(Ris) is a single vertex. Let X
′ = {x1i , z
1
i , w
1
i }, then X
′ ⊂ V (D1i). As
D1i is connected, then there is a X
′-tree T̂i in D1i for each i ∈ {1, 2, · · · , n − 1}. Let
Ti = Pi
⋃
Qi
⋃
Ri
⋃
T̂i
⋃
xix
1
i
⋃
ziz
1
i
⋃
wiw
1
i for each i ∈ {1, 2, · · · , n − 1}. Then n − 1
internally disjoint S-trees Tis for 1 ≤ i ≤ n− 1 are obtained in Dn.
Case 2. |S
⋂
V (D0i)| = 2, |S
⋂
V (D0j)| = 1 and |S
⋂
V (D1k)| = 1 for i 6= j and
i, j, k ∈ {1, 2, · · · , 2n−1}.
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xzP1
Pi
Pn−1
x1
xi
xn−1
D01 D02 D03
D1i
w
z1
zi zn−1 w1 wi wn−1
x1i z1i
w1i
y RiQi
T̂i
Figure 6: The illustration of Case 1
Without loss of generality, let |S
⋂
V (D01)| = 2, |S
⋂
V (D02)| = 1 and |S
⋂
V (D11)| =
1. Let {x, y} ⊆ V (D01), z ∈ V (D02) and w ∈ V (D11). Recall that D01 is a copy of
Qn−1. By Lemma 2, κ(D01) = n − 1. Then there are n − 1 internally disjoint paths
P1, P2, · · · , Pn−1 between x and y in D01. See Figure 7. Let xi ∈ V (Pi) and x
1
i be the
outside neighbour of xi in Dn for each i ∈ {1, 2, · · · , n − 1}. Without loss of generality,
let x1i ∈ V (D1(i+1)). Choose n − 1 vertices z1, z2, · · · , zn−1 from D02 such that z
1
i , the
outside neighbour of zi, belongs to D1(i+1) for each i ∈ {1, 2, · · · , n− 1}. Then choose n− 1
vertices w1, w2, · · · , wn−1 from D11 such that w
0
i , the outside neighbour of w, belongs to
neither D01 nor D02. Without loss of generality, let w
0
i ∈ V (D0(i+2)). This can be done
as 2n−1 > n + 1 for n ≥ 4. Let W = {w1, w2, · · · , wn−1} and Z = {z1, z2, · · · , zn−1}. By
Lemma 5, there are n − 1 internally disjoint paths Q1, Q2, · · · , Qn−1 from w to W in D11
and n− 1 internally disjoint paths R1, R2, · · · , Rn−1 from z to Z in D02. It is possible that
one of the paths Qis(Qis) is a single vertex. By Theorem 2, Dn[V (D1(i+1))
⋃
V (D0(i+2))] is
connected. Then there is a tree T̂i connecting x
1
i , z
1
i and w
0
i in Dn[V (D1(i+1))
⋃
V (D0(i+2))].
Let Ti = Pi
⋃
Qi
⋃
Ri
⋃
T̂i
⋃
xix
1
i
⋃
ziz
1
i
⋃
wiw
0
i for each i ∈ {1, 2, · · · , n − 1}. Then n − 1
internally disjoint S-trees Tis for 1 ≤ i ≤ n− 1 are obtained in Dn.
x
zP1
Pi
Pn−1
x1
xi
xn−1
D01 D02 D0(i+2)
z1
zi zn−1
x1i
y Ri
Qi
D1(i+1)
z1i
T̂i
D11
w
w1 wi wn−1
w0i
· · ·
· · ·
Figure 7: The illustration of Case 2
Case 3. |S
⋂
V (D0i)| = 2, |S
⋂
V (D1j)| = 1 and |S
⋂
V (D1k)| = 1 for j 6= k and
i, j, k ∈ {1, 2, · · · , 2n−1}.
Without loss of generality, let |S
⋂
V (D01)| = 2, |S
⋂
V (D11)| = 1 and |S
⋂
V (D12)| = 1.
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Let {x, y} ⊆ V (D01), z ∈ V (D11) and w ∈ V (D12). Recall that D01 is isomorphic to Qn−1,
then there are n− 1 internally disjoint paths P1, P2, · · · , Pn−1 between x and y in D01. See
Figure 8.
Subcase 3.1. If there exists xi ∈ V (Pi) such that x
1
i , the outside neighbour of xi,
belongs to neither D11 nor D12 for each path Pi with i ∈ {1, 2, · · · , n − 1}. Without loss
of generality, let x1i ∈ (V (D1(i+2)). This can be done as 2
n−1 > n + 1 for n ≥ 4. Now,
choose n− 1 vertices z1, z2, · · · , zn−1 from D11 \ {z} such that z
0
i , the outside neighbour of
zi, does not belong to D01. Without loss of generality, let z
0
i ∈ V (D0(i+1)). Then choose
n− 1 vertices w1, w2, · · · , wn−1 from D12 \ {w} such that w
0
i , the outside neighbour of wi,
belongs to D0(i+1) for each i ∈ {1, 2, · · · , n − 1}. Let Z = {z1, z2, · · · , zn−1} and W =
{w1, w2, · · · , wn−1}. By Lemma 2, κ(D11) = κ(D12) = n− 1. By Lemma 5, there are n− 1
internally disjoint paths Q1, Q2, · · · , Qn−1 from z to Z in D11 and n− 1 internally disjoint
paths R1, R2, · · · , Rn−1 from w to W in D12. By Theorem 2, Dn[V (D0(i+1))
⋃
V (D1(i+2))]
is connected for each i ∈ {1, 2, · · · , n− 1}. Then there is a tree T̂i connecting z
0
i , w
0
i and x
1
i
in Dn[V (D0(i+1))
⋃
V (D1(i+2))]. Let Ti = Pi
⋃
Qi
⋃
Ri
⋃
T̂i
⋃
xix
1
i
⋃
ziz
0
i
⋃
wiw
0
i for each
i ∈ {1, 2, · · · , n−1}. Then n−1 internally disjoint S-trees Tis for 1 ≤ i ≤ n−1 are obtained
in Dn.
x
P1
Pi
Pn−1
x1
xi
xn−1
D01 D0(i+1)
x1i
y
Qi
D1(i+2)
T̂i
D11
z
z1 zi zn−1
w0i
· · ·
Ri
D12
w
w1 wi wn−1
z0i
· · ·
Figure 8: The illustration of Subcase 3.1
Subcase 3.2. If not, then there is a path Pi = xy with length one such that x
1 ∈
V (D11), y
1 ∈ V (D12) or x
1 ∈ V (D12), y
1 ∈ V (D11), where x
1 and y1 are the outside
neighbour of x and y, respectively. Without loss of generality, let Pn−1 = xy, x
1 ∈ V (D11)
and y1 ∈ V (D12). Let xi ∈ V (Pi) and x
1
i be the outside neighbour of xi for 1 ≤ i ≤
n − 2. Without loss of generality, let x1i ∈ (V (D1(i+2)) for 1 ≤ i ≤ n − 2. Let ND11(z) =
{z1, z2, · · · , zn−2, zn−1}, ND12(w) = {w1, w2, · · · , wn−2, wn−1}, Z = {z1, z2, · · · , zn−2} and
W = {w1, w2, · · · , wn−2}. By Lemma 2, κ(D11) = κ(D12) = n−1. ThenD11\Z andD12\W
are both connected. Then there is a path Q between x1 and z in D11 \ Z and a path R
between y1 and w in D12 \W . Let T1 = Pn−1
⋃
xx1
⋃
yy1
⋃
Q
⋃
R. Let z0i and w
0
i be the
outside neighbour of zi and wi, respectively. Without loss of generality, let z
0
i ∈ V (D0(i+1)).
Let Z0 = {z01 , z
0
2 , · · · , z
0
n−2} and W
0 = {w01, w
0
2, · · · , w
0
n−2}. Then Z
0
⋂
W 0 = ∅.
If there is no vertex in Z0 belongs to the same cluster with the vertices inW 0. Then with-
out loss of generality, let w0i ∈ V (D0(i+n−1)) for each i ∈ {1, 2, · · · , n−2}. This can be done
as 2n−1 > 2(n − 1) for n ≥ 4. By Theorem 2, Dn[V (D1(i+2))
⋃
V (D0(i+1)
⋃
V (D0(i+n−1)]
is connected for each i ∈ {1, 2, · · · , n − 2}. Then there is a tree T̂i connecting z
0
i , w
0
i
11
and x1i in Dn[V (D1(i+2))
⋃
V (D0(i+1)
⋃
V (D0(i+n−1)] for each i ∈ {1, 2, · · · , n − 2}. Let
Ti = Pi
⋃
T̂i
⋃
xix
1
i
⋃
ziz
0
i
⋃
wiw
0
i
⋃
zzi
⋃
wwi for each i ∈ {1, 2, · · · , n − 2}. Combining
with T1, then n− 1 internally disjoint S-trees Tis for 1 ≤ i ≤ n− 1 are obtained in Dn.
If there are some vertices in Z0 belong to the same cluster with some vertices in W 0.
Then without loss of generality, let z0i and w
0
i belong to the same cluster for t ≤ i ≤ n− 2
and let w0i ∈ V (D0(i+n−1)) for 1 ≤ i ≤ t − 1, where 1 ≤ t ≤ n − 2. By Theorem 2,
Dn[V (D1(i+2))
⋃
V (D0(i+1))
⋃
V (D0(i+n−1))] is connected for 1 ≤ i ≤ t− 1. Then there is
a tree T̂i connecting z
0
i , w
0
i and x
1
i in Dn[V (D1(i+2))
⋃
V (D0(i+1))
⋃
V (D0(i+n−1))] for each
i ∈ {1, 2, · · · , t− 1}. As z0i , w
0
i ∈ V (D0(i+1)) and Dn[V (D1(i+2))
⋃
V (D0(i+1))] is connected
for each i ∈ {t, t + 1, · · · , n − 1}, then there is a tree T̂i connecting z
0
i , w
0
i and x
1
i in
Dn[V (D1(i+2))
⋃
V (D0(i+1))] for each t ≤ i ≤ n− 2. Let Ti = Pi
⋃
T̂i
⋃
xix
1
i
⋃
ziz
0
i
⋃
zzi
⋃
wwi
⋃
wiw
0
i for each i ∈ {1, 2, · · · , n−2}. Combining with T1, then n−1 internally disjoint
S-trees Tis for 1 ≤ i ≤ n− 1 are obtained in Dn.
Theorem 5. Let Dn be an n-dimensional dual cube and S = {x, y, z, w}, where x, y, z and
w are any four distinct vertices of Dn for n ≥ 4. If the vertices in S belong to four clusters
of Dn, then there are n− 1 internally disjoint trees connecting S in Dn.
Proof. Let D01,D02, · · · ,D02n−1 be the clusters of class 0 and D11,D12, · · · and D12n−1
be the clusters of class 1 of Dn. Let S = {x, y, z, w}, where x, y, z and w are any four
distinct vertices of Dn for n ≥ 4. Let the vertices in S belong to four clusters of Dn. By
the symmetry of Dn, the following cases are considered.
Case 1. |S
⋂
V (D0i)| = 1, |S
⋂
V (D0j)| = 1, |S
⋂
V (D0k)| = 1 and |S
⋂
V (D0l)| = 1 for
distinct i, j, k, l ∈ {1, 2, · · · , 2n−1}.
Without loss of generality, let |S
⋂
V (D01)| = 1, |S
⋂
V (D02)| = 1, |S
⋂
V (D03)| = 1
and |S
⋂
V (D04)| = 1. Let x ∈ V (D01), y ∈ V (D02), z ∈ V (D03) and w ∈ V (D04). See
Figure 9. Choose n − 1 vertices x1, x2, · · · , xn−1 from D01 \ {x}. Without loss of gener-
ality, let x1i ∈ V (D1i), where x
1
i is the outside neighbour of xi in Dn. Then choose n − 1
vertices y1, y2, · · · , yn−1 from D02, n − 1 vertices z1, z2, · · · , zn−1 from D03 and n − 1 ver-
tices w1, w2, · · · , wn−1 from D04 such that y
1
i , z
1
i and w
1
i all belong to D1i, where y
1
i , z
1
i and
w1i are the outside neighbour yi, zi and wi, respectively. Let X = {x1, x2, · · · , xn−1}, Y =
{y1, y2, · · · , yn−1}, Z = {z1, z2, · · · , zn−1} and W = {w1, w2, · · · , wn−1}. By Lemma 5,
there are n − 1 internally disjoint paths P1, P2, · · · , Pn−1 from x to X in D01, n − 1 inter-
nally disjoint paths Q1, Q2, · · · , Qn−1 from y to Y in D02, n − 1 internally disjoint paths
R1, R2, · · · , Rn−1 from z to Z in D03 and n − 1 internally disjoint paths S1, S2, · · · , Sn−1
from w to W in D04, respectively. It is possible that one of the paths Qis(Ris, Sis) is a
single vertex. As D1i is connected, there is tree T̂i connecting x
1
i , y
1
i , z
1
i and w
1
i in D1i for
each i ∈ {1, 2, · · · , n − 1}. Let Ti = Pi
⋃
Qi
⋃
Ri
⋃
Si
⋃
T̂i
⋃
xix
1
i
⋃
yiy
1
i
⋃
ziz
1
i
⋃
wiw
1
i for
each i ∈ {1, 2, · · · , n − 1}. Then n − 1 internally disjoint S-trees Tis for 1 ≤ i ≤ n − 1 are
obtained in Dn.
Case 2. |S
⋂
V (D0i)| = 1, |S
⋂
V (D0j)| = 1, |S
⋂
V (D0k)| = 1 and |S
⋂
V (D1l)| = 1 for
distinct i, j, k and i, j, k, l ∈ {1, 2, · · · , 2n−1}.
Without loss of generality, let |S
⋂
V (D01)| = 1, |S
⋂
V (D02)| = 1, |S
⋂
V (D03)| = 1
and |S
⋂
V (D11)| = 1. Let x ∈ V (D01), y ∈ V (D02), z ∈ V (D03) and w ∈ V (D11). See
Figure 10. Choose n − 1 vertices x1, x2, · · · , xn−1 from D01. Without loss of general-
ity, let x1i ∈ V (D1(i+3)), where x
1
i is the outside neighbour of xi. Then choose n − 1
vertices y1, y2, · · · , yn−1 from D02 and n − 1 vertices z1, z2, · · · , zn−1 from D03 such that
12
xD01
x1
xi xn−1
Pi
D02
y
y1 yi yn−1
Qi
z
z1
zi zn−1
Ri
D03
wn−1
w
D04
w1 wi
Si
y1i
D1i
x1i
z1i w1i
T̂i
Figure 9: The illustration of Case 1
y1i , z
1
i ∈ V (D1(i+3)), where y
1
i and z
1
i are the outside neighbour yi and zi in Dn, respec-
tively. Then choose n − 1 vertices w1, w2, · · · , wn−1 from D11 such that w
0
i , the outside
neighbour of wi, does not belong to D01,D02 and D03. Without loss od generality, let w
0
i ∈
V (D0(i+3)). This can be done as 2
n−1 > n+ 2 for n ≥ 4. Let X = {x1, x2, · · · , xn−1}, Y =
{y1, y2, · · · , yn−1}, Z = {z1, z2, · · · , zn−1} and W = {w1, w2, · · · , wn−1}. By Lemma 5,
there are n − 1 internally disjoint paths P1, P2, · · · , Pn−1 from x to X in D01, n − 1 inter-
nally disjoint paths Q1, Q2, · · · , Qn−1 from y to Y in D02, n − 1 internally disjoint paths
R1, R2, · · · , Rn−1 from z to Z inD03 and n−1 internally disjoint paths S1, S2, · · · , Sn−1 from
w toW in D11, respectively. It is possible that one of the paths Pis(Qis,Ris, Sis) is a single
vertex. By Theorem 2, Dn[V (D1(i+3))
⋃
V (D0(i+3))] is connected. Then there is tree T̂i con-
necting x1i , y
1
i , z
1
i and w
0
i in Dn[V (D1(i+3))
⋃
V (D0(i+3))]. Let Ti = Pi
⋃
Qi
⋃
Ri
⋃
Si
⋃
T̂i⋃
xix
1
i
⋃
yiy
1
i
⋃
ziz
1
i
⋃
wiw
0
i for each i ∈ {1, 2, · · · , n − 1}. Then n − 1 internally disjoint
S-trees Tis for 1 ≤ i ≤ n− 1 are obtained in Dn.
· · ·
x1i
· · ·
x
D01
x1
xi
xn−1
Pi
D02
y
y1 yi yn−1
Qi
z
zi
zn−1
Ri
D03
D1(i+3)
Si
D11
w
w1 wi
wn−1
y1i z
1
i
w0i
T̂i
z1
D0(i+3)
Figure 10: The illustration of Case 2
Case 3. |S
⋂
V (D0i)| = 1, |S
⋂
V (D0j)| = 1, |S
⋂
V (D1k)| = 1 and |S
⋂
V (D1l)| = 1 for
i 6= j, k 6= l and i, j, k, l ∈ {1, 2, · · · , 2n−1}.
Without loss of generality, let |S
⋂
V (D01)| = 1, |S
⋂
V (D02)| = 1, |S
⋂
V (D11)| = 1
and |S
⋂
V (D12)| = 1. Let x ∈ V (D01), y ∈ V (D02), z ∈ V (D11) and w ∈ V (D12). See
Figure 11. Choose n− 1 vertices x1, x2, · · · , xn−1 from D01. Without loss of generality, let
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x1i ∈ V (D1(i+2)), where x
1
i is the outside neighbour of xi for 1 ≤ i ≤ n − 1. Then choose
n− 1 vertices y1, y2, · · · , yn−1 from D02 such that y
1
i ∈ V (D1(i+2)), where y
1
i is the outside
neighbour of yi. Similarly, choose n− 1 vertices z1, z2, · · · , zn−1 from D11. Without loss of
generality, let z0i ∈ V (D0(i+2)), where z
0
i is the outside neighbour of zi for 1 ≤ i ≤ n − 1.
Then choose n − 1 vertices w1, w2, · · · , wn−1 from D12 such that w
0
i ∈ V (D0(i+2)), where
w0i is the outside neighbour of wi. Let X = {x1, x2, · · · , xn−1}, Y = {y1, y2, · · · , yn−1}, Z =
{z1, z2, · · · , zn−1} and W = {w1, w2, · · · , wn−1}. By Lemma 5, there are n − 1 inter-
nally disjoint paths P1, P2, · · · , Pn−1 from x to X in D01, n − 1 internally disjoint paths
Q1, Q2, · · · , Qn−1 from y to Y in D02, n − 1 internally disjoint paths R1, R2, · · · , Rn−1
from z to Z in D11 and n − 1 internally disjoint paths S1, S2, · · · , Sn−1 from w to W in
D12, respectively. It is possible that one of the paths Pis(Qis,Ris, Sis) is a single vertex.
By Theorem 2, Dn[V (D0(i+2))
⋃
V (D1(i+2))] is connected for each i ∈ {1, 2, · · · , n − 1}.
Then there is tree T̂i connecting x
1
i , y
1
i , z
0
i and w
0
i in Dn[V (D0(i+2))
⋃
V (D1(i+2))]. Let
Ti = Pi
⋃
Qi
⋃
Ri
⋃
Si
⋃
T̂i
⋃
xix
1
i
⋃
yiy
1
i
⋃
ziz
0
i
⋃
wiw
0
i for each i ∈ {1, 2, · · · , n−1}. Then
n− 1 internally disjoint S-trees Tis for 1 ≤ i ≤ n− 1 are obtained in Dn.
· · ·
· · ·
x y
z w
x1i
y1i
z0i
w0iPi Qi
Ri Si
xix1 xn−1
yn−1yiy1
zn−1
ziz1 wn−1
wi
w1
T̂i
D02
D11 D12 D1(i+2)
D01 D0(i+2)
Figure 11: The illustration of Case 3
Theorem 6. Let Dn be an n-dimensional dual cube, then κ4(Dn) = n− 1 for n ≥ 4.
Proof. As Dn is n regular, by Lemma 4, κ4(Dn) ≤ δ − 1 = n− 1. To prove the result, we
just need to show that κ4(Dn) ≥ n− 1.
Let D01,D02, · · · ,D02n−1 be the clusters of class 0 and D11,D12, · · · and D12n−1 be
the clusters of class 1 of Dn. Let x, y, z and w be any four distinct vertices of Dn. For
convenience, let S = {x, y, z, w}. By the symmetry of Dn, we prove the result by considering
the following cases.
Case 1. x, y, z and w belong the same cluster of Dn.
Without loss of generality, let S ⊆ V (D01). Recall that D01 is a copy of Qn−1. By Theo-
rem 1, κ4(Qn−1) = n−2. Then there are (n−2)-internally disjoint S-trees T1, T2, · · · , Tn−2
in D01. Let x
1, y1, z1 and w1 be the outside neighbours of x, y, z and w in Dn. By Lemma 1,
{x1, y1, z1, w1} ⊆ V (Dn \D01). By Theorem 2, Dn \D01 is connected. Thus, there is a tree
T̂n−1 connecting x
1, y1, z1 and w1 in Dn \D01. Let Tn−1 = T̂n−1
⋃
xx1
⋃
yy1
⋃
zz1
⋃
ww1,
then T1, T2, · · · , Tn−1 are (n− 1)-internally disjoint S-trees in Dn and the result is desired.
Case 2. x, y, z and w belong to two different clusters of Dn.
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By Theorem 3, (n − 1)-internally disjoint S-trees T1, T2, · · · , Tn−1 can be obtained in
Dn.
Case 3. x, y, z and w belong to three different clusters of Dn.
By Theorem 4, (n − 1)-internally disjoint S-trees T1, T2, · · · , Tn−1 can be obtained in
Dn.
Case 4. x, y, z and w belong to four different clusters of Dn.
By Theorem 5, (n − 1)-internally disjoint S-trees T1, T2, · · · , Tn−1 can be obtained in
Dn.
Thus, κ4(Dn) ≥ n− 1 and the result is desired.
By Theorem 6 and Lemma 3, we have the following corollary.
Corollary 1. Let Dn be an n-dimensional dual cube. Then κ3(Dn) = n− 1 for n ≥ 4.
4 The r-component connectivity of dual cubes
In this section, we prove the r-component connectivity cκr(Dn) of Dn. To prove the result,
the following result is useful.
Lemma 6. ([26]) Any two vertices in V (Qn) have exactly two common neighbours for n ≥ 3
if they have any.
Theorem 7. ([1]) Let n and k be positive integers such that n ≥ 3 and 1 ≤ k ≤ n − 1.
Let Dn be a dual cube network of order n and T ⊆ V (Dn). If |T | ≤ kn −
k(k+1)
2 , then
Dn − T is either connected or it has a large connected component and small components
with at most k − 1 vertices in total. Moreover, there is a set of vertices T in Dn such that
|T | = kn− k(k+1)2 + 1 and Dn − T has a component containing exactly k vertices.
Following, we show the r-component connectivity of the dual cube Dn.
Theorem 8. Let Dn be the n-dimensional dual cube, then cκr+1(Dn) = rn−
r(r+1)
2 +1 for
n ≥ 2 and 1 ≤ r ≤ n− 1.
Proof. By Theorem 7, cκr+1(Dn) ≥ rn−
r(r+1)
2 +1. Following, we show that cκr+1(Dn) ≤
rn− r(r+1)2 + 1. Let u ∈ V (D01), then u has n− 1 neighbours u1, u2, · · · , and un−1 in D01
as D01 is a copy of Qn−1. As Dn is bipartite, then ui and uj are non-adjacent for i 6= j
and i, j ∈ {1, 2, · · · , n − 1}. Let 1 ≤ r ≤ n − 1 and S = NDn({u1, u2, · · · , ur}). Then
u ∈ S. By Lemma 6, |S| = r(n − 1) − r(r+1)2 + 1 + r = rn−
r(r+1)
2 + 1. It is obvious that
Dn − S contains at least r+1 components, where at least r of them are singletons. Hence,
cκr+1(Dn) ≤ rn−
r(r+1)
2 + 1. Combining with cκr+1(Dn) ≥ rn−
r(r+1)
2 + 1, we have that
cκr+1(Dn) = rn−
r(r+1)
2 + 1 for n ≥ 2 and 1 ≤ r ≤ n− 1.
5 Concluding remarks
The dual cube has some attractive properties to design interconnection networks. In this
paper, we focus on the dual cube, which is an invariant of the hypercube and denoted by
Dn. We first show that κ4(Dn) = n − 1 for n ≥ 4. That is, for any four vertices in Dn,
there are n − 1 internally disjoint trees connecting them in Dn. As a corollary, we obtain
κ3(Dn) = n−1 for n ≥ 4. Furthermore, we show that cκr+1(Dn) = rn−
r(r+1)
2 +1 for n ≥ 2
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and 1 ≤ r ≤ n − 1. So far, the results about the generalized k-connectivity of networks
are almost about k = 3 and there are few results about larger k. We are interested in this
topic and we would like to study the generalized k-connectivity of the dual cube for k ≥ 5
in the future. In addition, we conjecture that κr(Dn) = n − 1 for 5 ≤ r ≤ n and n ≥ 2.
We would like to prove the result for the dual cube and show the corresponding results for
other classical networks such as arrangement graphs, balanced graphs, (n, k)-star networks
and so on.
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